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Abstract
We investigate the dynamics of two interacting two-level systems (qubits) having one of them
isolated and the other coupled to a large number of modes of the quantized electromagnetic field
(thermal reservoir). We consider two different models of system-reservoir interaction: i) a “micro-
scopic” model, according to which the corresponding master equation is derived taking into account
the interaction between the two subsystems (qubits); ii) a naive “phenomenological” model, in which
such interaction is neglected in the derivation of the master equation. We study the dynamics of
quantities such as bipartite entanglement, quantum discord and the linear entropy of the isolated
qubit in both the strong and weak coupling regimes of the inter-qubit interaction. We also consider
different temperatures of the reservoir. We find significant disagreements between the results ob-
tained from the two models even in the weak coupling regime. For instance, we show that according
to the phenomenological model, the isolated qubit would approach a maximally mixed state more
slowly for higher temperatures (unphysical result), while the microscopic model predicts the opposite
behaviour (correct result).
The investigation of the coherent interaction between quantum subsystems is of fundamental importance
in the field of quantum information processing. As quantum systems are normally susceptible to their
environment, quantum behaviour may be substantially affected by unwanted couplings to their surround-
ings. It is therefore of relevance to be able to describe the environmental influence as accurately as
possible. Several methods have been developed in order to treat such non-ideal quantum systems; for
instance, models [1, 2] involving the coupling of a system of interest with a thermal reservoir, e.g., a large
number of modes of the electromagnetic field, may account for phenomena such as the irreversible loss of
quantum coherence (decoherence) [3, 4]. Besides, the concept of decoherence is of central importance to
the field of quantum information [5] as well as for the understanding of the emergence of the “classical”
world [6]. An example of practical (perturbative) approach is the one based on master equations for the
reduced density operator [2, 4], being largely employed to describe the dynamics of quantum systems
weakly coupled to reservoirs. The system of interest may be constitued by a single or multiple quantum
subsystems. We have observed that simple ad hoc models have been routinely used in the investigation of
the dynamics of quantum coupled systems (such as interacting two-level systems) under the action of an
environment. In such phenomenological models, the dissipative term of the master equation is normally
derived by assuming the coupling of a thermal reservoir to a single sub-system.
Notwithstanding, derivations of master equations which include the subsystems’ interactions
have appeared in the literature since the early seventies [7, 8, 9]. Moreover, recent studies [10, 11, 12, 13,
14, 15, 16] show that phenomenological approaches may fail to give a proper evolution of the system’s
density operator. In our opinion, though, there is still a lack of works devoted to the discussion of the
validity of system-reservoir interaction models describing composite quantum systems under the influence
of a finite temperature bath.
In this contribution we are going to consider two interacting two-level systems, being one of
them (qubit 1) isolated from its environment, and the other (qubit 2) in contact with a large number of
modes of the quantized field (thermal reservoir). We will not make the rotating wave approximation for
the qubit-qubit interaction, so that we are able to investigate the behaviour of the system in both the
weak and strong coupling regimes. As a first step we will derive (closely following references [17, 18]) a
microscopic master equation for our two-qubit system, by taking into account the interaction between
them. We will then compare the results with the ones obtained from a naive phenomenological model,
according to which the dissipative term of the master equation is derived by assuming the existence of a
sole sub-system (qubit 2). Calculations are performed for a wide range of values of qubit-qubit coupling
constants as well as for different temperatures of the reservoir. We also study this model from a different
point of view; we consider qubit 1 as being coupled to a “composite reservoir” constituted by the thermal
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bath plus qubit 2, i.e., we perform the trace over the qubit 2 variables and focus on the evolution of
qubit 1. Our paper is organized as follows: in Section (2) we present the derivation of the microscopic
master equation and its analytical solution. In Section (3) we address the strong coupling regime for
the qubit-qubit interaction; we discuss several features of the solutions, such as the steady state of the
two-qubit system, as well as the evolution of the bipartite (qubit-qubit) entanglement, quantum discord
and the linear entropy associated to qubit 1. In Section (4) we present a study of the system in the weak
coupling regime. In Section (5) we summarize our conclusions.
1 Microscopic master equation for the two-qubit system
1.1 Interacting qubits: unitary evolution
Our system of interest consists of two (dipole) coupled two-level systems (qubits 1 and 2), whose dynamics,
without making the rotating wave approximation, is governed by the following Hamiltonian (in units of
h¯)
HS = Ω1σ
(1)
+ σ
(1)
− + Ω2σ
(2)
+ σ
(2)
− +
λ
2
(
σ
(1)
+ σ
(2)
− + σ
(1)
− σ
(2)
+ + σ
(1)
+ σ
(2)
+ + σ
(1)
− σ
(2)
−
)
, (1)
where σ
(i)
+ =
∣∣1(i)〉 〈0(i)∣∣ and σ(i)− = ∣∣0(i)〉 〈1(i)∣∣ (with i = 1, 2) are the raising and lowering operators
for qubit 1 and 2, respectively. Here Ωi is the frequency of the i − th qubit and λ/2 is the coupling
constant between the two qubits. The Hamiltonian above may be diagonalized in the uncoupled basis
{|0, 0〉 ; |1, 0〉 ; |0, 1〉 ; |1, 1〉}, with eigenenergies and eigenstates (dressed states), in the resonant case, Ω1 =
Ω2 = Ω, given by
Ea =
(
Ω−
√
λ2+4Ω2
2
)
|a〉 = α+ |0, 0〉 − α− |1, 1〉
Eb =
(
Ω− λ2
) |b〉 = 1√
2
|1, 0〉 − 1√
2
|0, 1〉
Ec =
(
Ω + λ2
) |c〉 = 1√
2
|1, 0〉+ 1√
2
|0, 1〉
Ed =
(
Ω +
√
λ2+4Ω2
2
)
|d〉 = α− |0, 0〉+ α+ |1, 1〉 ,
(2)
with α± =
√
1
2 ± Ω√λ2+4Ω2 .
1.2 Derivation of the microscopic master equation
Now we assume that qubit 1 is isolated from its environment (although it is coupled to qubit 2) and
that qubit 2 is in contact with a thermal bath at temperature T . The bath itself consists of independent
modes of the quantized electromagnetic field with Hamiltonian
HB =
∑
n
ωna
†
nan. (3)
We consider the qubit 2-reservoir interaction as being dissipative, with effective interaction Hamiltonian
of the form
Hint = σ
(2)
x ⊗B, (4)
where B is the bath operator B =
∑
n εn
(
an + a
†
n
)
, a†n and an are the creation and annihilation operators
of photons corresponding to the n − th mode of the field (frequency ωn), σ(2)x = σ(2)+ + σ(2)− (relative to
qubit 2), and εn is the coupling constant of qubit 2 to the n−th mode of the field. The total Hamiltionian,
system of qubits plus bath is then H = HS +HB +Hint.
The master equation for the density operator, ρ, of the two qubit system in the Born-Markov
and rotating wave approximations is
ρ˙ (t) = −i [HS , ρ (t)] +D (ρ (t)) . (5)
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The dissipative term may be written as [18]
D (ρ (t)) =
∑
ω
γ (ω)
(
A (ω) ρ (t)A† (ω)− 1
2
{
A† (ω)A (ω) , ρ (t)
})
. (6)
The rates γ are given by γ (ω) =
∫ +∞
−∞ dτe
iωτ
〈
B† (τ)B (0)
〉
, where B(τ) is the bath operator in the inter-
action representation, or B (τ) = eiHBτBe−iHBτ =
∑
n εn
(
ane
−i ωnτ + a†ne
+i ωnτ
)
, and
〈
B† (τ)B (0)
〉 ≡
TrB
[
B† (τ)B (0) ρB
]
is the trace over variables of the field. Here
ρB =
exp (−HB/kT )
TrB {exp (−HB/kT )} (7)
is the thermal state for the field bath at temperature T . The jump operators A(ω) are defined as
A (ω) ≡ ∑′−=ω Π ()AΠ (′), where Π () is the projector acting on the sub-space associated to the
energy eigenvalues  of the Hamiltonian HS , and the summation is over the eigenstates having fixed
energy difference equal to ω (in units of h¯). In our case, A = σ
(2)
x . The first Bohr frequency is
ωI =
(√
λ2 + 4Ω2 − λ
)
/2
for the transitions |b〉 → |a〉 and |d〉 → |c〉 and is related to the jump operator
σ(2)x (ωI) = 〈a|σ(2)x |b〉 |a〉 〈b|+ 〈c|σ(2)x |d〉 |c〉 〈d| , (8)
while the second Bohr frequency
ωII =
(√
λ2 + 4Ω2 + λ
)
/2
for the transitions |c〉 → |a〉 and |d〉 → |b〉 is related to
σ(2)x (ωII) = 〈a|σ(2)x |c〉 |a〉 〈c|+ 〈b|σ(2)x |d〉 |b〉 〈d| . (9)
After identifying each term in Eq. (6), we may rewrite it as
D (ρ (t)) =
II∑
i=I
γ (ωi)
(
σ(2)x (ωi) ρ (t)σ
(2) †
x (ωi)−
1
2
{
σ(2) †x (ωi)σ
(2)
x (ωi) , ρ (t)
})
+
II∑
i=I
γ (ωi)
(
σ(2) †x (ωi) ρ (t)σ
(2)
x (ωi)−
1
2
{
σ(2)x (ωi)σ
(2) †
x (ωi) , ρ (t)
})
,
(10)
with the Kubo-Martin-Schwinger relation [18]
γ (ωi) = exp (−ωi/kT ) γ (ωi) , (11)
and σ
(2) †
x (ωi) = σ
(2)
x (−ωi).
Now, working out the master equation above using the expressions (2) for the eigenstates of
HS as well as the jump operators (8) and (9), the microscopic master equation will finally read
ρ˙ (t) = −i [HS , ρ (t)] (12)
+ cI
(
|a〉 〈b| ρ |b〉 〈a| − 1
2
{|b〉 〈b| , ρ}
)
+ cII
(
|a〉 〈c| ρ |c〉 〈a| − 1
2
{|c〉 〈c| , ρ}
)
+ cII
(
|b〉 〈d| ρ |d〉 〈b| − 1
2
{|d〉 〈d| , ρ}
)
+ cI
(
|c〉 〈d| ρ |d〉 〈c| − 1
2
{|d〉 〈d| , ρ}
)
+ cI
(
|b〉 〈a| ρ |a〉 〈b| − 1
2
{|a〉 〈a| , ρ}
)
+ cI
(
|d〉 〈c| ρ |c〉 〈d| − 1
2
{|c〉 〈c| , ρ}
)
+ cII
(
|d〉 〈b| ρ |b〉 〈d| − 1
2
{|b〉 〈b| , ρ}
)
+ cII
(
|c〉 〈a| ρ |a〉 〈c| − 1
2
{|a〉 〈a| , ρ}
)
− cI (|a〉 〈b| ρ |d〉 〈c|+ |c〉 〈d| ρ |b〉 〈a|) + cII (|a〉 〈c| ρ |d〉 〈b|+ |b〉 〈d| ρ |c〉 〈a|)
− cI (|b〉 〈a| ρ |c〉 〈d|+ |d〉 〈c| ρ |a〉 〈b|) + cII (|d〉 〈b| ρ |a〉 〈c|+ |c〉 〈a| ρ |b〉 〈d|) ,
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where the decay constants are given by
cI = α
2γ (ωI) cII = η
2γ (ωII)
cI = α
2γ (ωI) cII = η
2γ (ωII) , (13)
with
α = −1
2
(√
1 +
2Ω√
λ2 + 4Ω2
+
√
1− 2Ω√
λ2 + 4Ω2
)
, (14)
η =
1
2
(√
1 +
2Ω√
λ2 + 4Ω2
−
√
1− 2Ω√
λ2 + 4Ω2
)
, (15)
and γ (ωi) = γ (ωi) e
−βωi .
The functions γ (ωi) are related (see, for instance [18]) to the spectral density of the reservoir
(J (ωi)) through
γ (ωi) = J (ωi) [1 + n (ωi)] , (16)
where the index i = I, II corresponds to the Bohr frequencies of the model. Here n (ωi) is the mean
photon number associated to the mode of frequency ωi of a thermal state at temperature T ,
n (ωi) =
1
eωi/kT − 1 . (17)
We have chosen a Lorentzian function for the spectral density, or
J (ωi) =
γ0Γ
2
(ωi − Ω0)2 + Γ2
, (18)
where γ0 is the single qubit decay rate, Ω0 is the central frequency, and Γ is the half-width of the
distribution.
The sets of coupled differential equations for the matrix elements of the two qubit density
operator in the microscopic model, as well as their analytical solutions, may be found in Appendix A.
1.3 Phenomenological master equation
We now consider the phenomenological approach, according to which the reservoir is coupled to a single
qubit (qubit 2) neglecting the fact that such a system is in interaction with a second qubit (qubit 1).
We assume the same (qubit 2-reservoir) interaction Hamiltonian as employed in the microscopic case [see
Eq. (4)] and follow the procedure developed in Section 1.2. However, in order to build the Lindblad
operators, we use here the (one qubit) bare states rather than the (two qubit) dressed states employed
in the microscopic master equation, or
A(Ω) = |0〉〈0|σ(2)x |1〉〈1| = |0〉〈0|
(
σ
(2)
+ + σ
(2)
−
)
|1〉〈1| = σ(2)− . (19)
Analogously, we obtain A†(Ω) = σ(2)+ .
Thus, the phenomenological master equation will read
ρ˙ (t) = −i [HS , ρ (t)] + γ
(
σ
(2)
− ρ (t)σ
(2)
+ −
1
2
{
σ
(2)
+ σ
(2)
− , ρ (t)
})
+ γ
(
σ
(2)
+ ρ (t)σ
(2)
− −
1
2
{
σ
(2)
− σ
(2)
+ , ρ (t)
})
, (20)
where HS is the two-qubit Hamiltonian in Eq. (1). Here, similarly to the microscopic case, the function
γ ≡ γ (Ω) and the spectral density J (Ω) are related through γ (Ω) = J (Ω) [1 + n (Ω)]. The quantities
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γ ≡ γ (Ω), n (Ω) and J (Ω) are just the same expressions as in Eqs. (11), (17) and (18) respectively, but
having Ω as argument, instead. In order to make a trustworthy comparison between the two models, we
have assured that J(ωi) ≈ J(Ω), with n(ωi) ≈ n(Ω).
The resulting differential equations for the relevant matrix elements of the two qubit density
operator in the phenomenological model may be found in Appendix B. In this case the differential
equations have been numerically solved.
2 Comparison between microscopic and phenomenological mod-
els: strong coupling regime
Now we consider the strong coupling regime for the qubit-qubit interaction, or λ ≥ Ω. Before addressing
some general features of the system evolution, we would like to discuss the behaviour of the two-qubit
steady state. In order to compare the predictions obtained from the microscopic and phenomenological
models, we first calculate explicitly the stationary state of the reduced density operator for the two qubit
system.
2.1 Steady state analysis
2.1.1 Microscopic model
In the microscopic approach, the steady state is given by
ρ∞,m = ρaa |a〉 〈a|+ ρbb |b〉 〈b|+ ρcc |c〉 〈c|+ ρdd |d〉 〈d| ,
with the elements
ρaa =
cIcII
(cI + c¯I) (cII + c¯II)
, ρbb =
c¯IcII
(cI + c¯I) (cI + c¯II)
,
ρcc =
cI c¯II
(cI + c¯I) (cII + c¯II)
, ρdd =
c¯I c¯II
(cI + c¯I) (cII + c¯II)
.
The coefficients ci(ci) are defined above, in the relations (13). From the relations cI and cII it
is possible to show that ρaa may be written as
ρaa =
1
1 + e−βωI + e−βωII + e−β(ωI+ωII)
,
where ωI =
(√
λ2 + 4Ω2 − λ) /2 and ωII = (√λ2 + 4Ω2 + λ) /2 are the Bohr frequencies, which are
related to the relevant energy differences, ωI = Eb − Ea, ωII = Ec − Ea, ωI + ωII = Ed − Ea.
Thus we obtain the following expression for the matrix element ρaa
ρaa =
1
1 + e−β(Eb−Ea) + e−β(Ec−Ea) + e−β(Ed−Ea)
,
=
e−βEa
e−βEa
(
1
1 + e−β(Eb−Ea) + e−β(Ec−Ea) + e−β(Ed−Ea)
)
, (21)
=
e−βEa
e−βEa + e−βEb + e−βEc + e−βEd
.
The other matrix elements may be obtained from ρaa, or ρbb = e
−βωIρaa, ρcc = e−βωIIρaa, ρdd =
e−β(ωI+ωII)ρaa, which, together with (21) gives
ρbb =
e−βEb
e−βEa + e−βEb + e−βEc + e−βEd
,
ρcc =
e−βEc
e−βEa + e−βEb + e−βEc + e−βEd
, (22)
ρdd =
e−βEd
e−βEa + e−βEb + e−βEc + e−βEd
.
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Thus, the resulting steady state corresponds to a state which is in thermal equilibrium with
the reservoir.
2.1.2 Phenomenological model
The density operator in the phenomenological approach is given by
ρ∞,p = ρ11 |0, 0〉 〈0, 0|+ ρ22 |0, 1〉 〈0, 1|+ ρ33 |1, 0〉 〈1, 0|+ ρ44 |1, 1〉 〈1, 1|
+ρ23 |0, 1〉 〈1, 0|+ ρ∗23 |1, 0〉 〈0, 1|+ ρ14 |0, 0〉 〈1, 1|+ ρ∗14 |1, 1〉 〈0, 0| ,
(23)
with populations and coherences
ρ11 =
(
3γ3γ¯ + γ2
(
3γ¯2 + λ2 + 16Ω2
)
+ γ
(
2λ2γ¯ + γ¯3
)
+ λ2γ¯2 + γ4
)
2 (γ¯ + γ)
2
(
(γ¯ + γ)
2
+ 2λ2 + 8Ω2
)
ρ22 =
(
γ3γ¯ + γ2
(
3γ¯2 + λ2
)
+ γγ¯
(
3γ¯2 + 2
(
λ2 + 8Ω2
))
+ γ¯2
(
γ¯2 + λ2
))
2 (γ¯ + γ)
2
(
(γ¯ + γ)
2
+ 2λ2 + 8Ω2
)
ρ33 =
(
3γ3γ¯ + γ2
(
3γ¯2 + λ2
)
+ γγ¯
(
γ¯2 + 2
(
λ2 + 8Ω2
))
+ λ2γ¯2 + γ4
)
2 (γ¯ + γ)
2
(
(γ¯ + γ)
2
+ 2λ2 + 8Ω2
)
ρ44 =
(
γ3γ¯ + γ2
(
3γ¯2 + λ2
)
+ γ¯2
(
γ¯2 + λ2 + 16Ω2
)
+ γ
(
2λ2γ¯ + 3γ¯3
))
2 (γ¯ + γ)
2
(
(γ¯ + γ)
2
+ 2λ2 + 8Ω2
)
ρ23 =
i λ (γ¯ − γ)
2
(
(γ¯ + γ)
2
+ 2λ2 + 8Ω2
)
ρ14 =
2λΩ (γ − γ¯)
(γ¯ + γ)
(
(γ¯ + γ)
2
+ 2λ2 + 8Ω2
) + i λ (γ − γ¯)
2
(
(γ¯ + γ)
2
+ 2λ2 + 8Ω2
) .
The density operator in (23) may be rewritten using
|0, 0〉 = α+ |a〉+ α− |d〉 , |0, 1〉 = |c〉 − |b〉√
2
,
|1, 1〉 = α+ |d〉 − α− |a〉 , |1, 0〉 = |c〉+ |b〉√
2
,
where α± =
√
1
2 ± Ω√λ2+4Ω2 .
Thus, in the dressed state basis the phenomenological steady state density operator reads
ρ∞,p =
(
α2−ρ44 + α
2
+ρ11 − 2α+α−Re [ρ14]
) |a〉 〈a|+ (ρ22
2
+
ρ33
2
−Re [ρ23]
)
|b〉 〈b|
+
(ρ22
2
+
ρ33
2
+Re [ρ23]
)
|c〉 〈c|+ (α2−ρ11 + α2+ρ44 + 2α+α−Re [ρ14]) |d〉 〈d|
(24)
+
(
α+α− (ρ11 − ρ44) + α2+ρ14 − α2−ρ∗14
) |a〉 〈d|+ (ρ33
2
− ρ22
2
− i Im [ρ23]
)
|b〉 〈c|
+
(
α+α− (ρ11 − ρ44) + α2+ρ∗14 − α2−ρ14
) |d〉 〈a|+ (ρ33
2
− ρ22
2
+ i Im [ρ23]
)
|c〉 〈b| ,
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which is certainly not a thermal equilibrium state. Therefore our results are a clear indication of the
inadequacy of the phenomenological model when applied to a two qubit system in contact with a thermal
reservoir. This is in accord to the discussions found in references [10, 12], in which similar conclusions
are drawn from the analysis of the dissipative Jaynes-Cummings model.
We consider now the thermal bath in its (multimode) vacuum state, i.e., T = 0 K. In this
specific situation, energy is irreversibly transferred from the two-qubit system to the reservoir, and we
expect the system to relax to its minimum energy state. As we have already seen, the ground state of
the two qubit system is |φ〉 = α+ |0, 0〉 − α− |1, 1〉, which is in general an entangled state. Note that
the state |φ〉 becomes a product state only in the limit of very weak coupling, or λ  Ω, for which
α− → 0. However in this section we are considering the strong coupling regime (λ ≥ Ω), instead. The
predictions of the microscopic and phenomenological models are very different in this case: according to
the microscopic model, the asymptotic two-qubit density operator is
ρ∞,m = |a〉 〈a|
= (α+ |0, 0〉 − α− |1, 1〉) (α+ 〈0, 0| − α− 〈1, 1|) , (25)
which coincides with the ground state of the system, while according to the phenomenological model we
have the density operator in equation (24) above, a very different state. This is another evidence of the
inadequacy of the ad hoc model.
2.2 Degree of bipartite entanglement
The concurrence [19], an entanglement monotone employed to quantify quantum entanglement, is defined
as
C (t) = max[0,
√
ξ1 (t)−
√
ξ2 (t)−
√
ξ3 (t)−
√
ξ4 (t)] , (26)
where ξi (t) are the eigenvalues of the matrix M (t) = ρ (t) ρ˜ (t) placed in decreasing order in Eq. (26),
with ρ˜ (t) = σy ⊗ σy ρ∗ (t)σy ⊗ σy and where σy is the usual Pauli matrix. Now we are going to calculate
the concurrence as a function of time, for different temperatures of the reservoir in both the microscopic
and the phenomenological model.
For the microscopic model, the concurrence is given by
C (t) = 2max[0, |Q14 (t)| −
√
Q22 (t)Q33 (t), |Q23 (t)| −
√
Q11 (t)Q44 (t)] , (27)
where
Q11 (t) = α
2
+ρaa + α
2
−ρdd Q22 (t) =
1
2 (ρbb + ρcc)−Re (ρbc) ,
Q33 (t) =
1
2 (ρbb + ρcc) +Re (ρbc) Q44 (t) = α
2
−ρaa + α
2
+ρdd,
Q14 (t) = α+α− (ρdd − ρaa) Q23 (t) = 12 (ρcc − ρbb)− i Im (ρbc) .
The corresponding concurrence in the phenomenological model is given by the same expression
as equation (27) but having the elements Qij being replaced by the matrix elements themselves, ρij .
2.3 Quantum discord
More general quantum correlations may be described by the quantum discord [20]. The discord is defined
in terms of the mutual information shared by two quantum subsystems (qubit 1 and qubit 2, for instance),
or
I(ρ) = S(ρq1) + S(ρq2)− S(ρ) , (28)
where we have made ρq1q2 ≡ ρ and S(ρ) = −Tr(ρ log2 ρ) is the von Neumann entropy. Consider a mea-
surement over subsystem qubit 2, {Πi}, with pi = Tr(Πiρ) being the probability of the i-th measurement
outcome and ρiq1 = Trq2(Πiρ)/pi the post-measurement state. The classical correlations are defined as
7
J2(ρ) = max{Πi} J{Πi}(ρ), where J{Πi}(ρ) = S(ρq1) −
∑
i piS(ρ
i
q1). The maximization is over all mea-
surements and ρq1 = Trq2 [ρ]. The quantum discord D is defined as the difference between the mutual
information I(ρ), which represents the total correlations, and the classical correlations J2(ρ), or
D2(ρ) = I(ρ)− J2(ρ) = S(ρq2)− S(ρ) + min{Πi}
∑
i
piS(ρ
i
q1) . (29)
Note that we may have D2 6= D1.
As the calculation of discord involves an optimization procedure, analytical results are rare.
Nevertheless, in our case we may employ an approximate expression for two qubit states [21]
D2(ρ) ≈ S(ρq2)− S(ρ) + min(N1, N2) , (30)
where the von Neumann entropies are
S (ρq2) = − (Q11 +Q33) log2 (Q11 +Q33)− (Q22 +Q44) log2 (Q22 +Q44) , (31)
and
S (ρ) = −
4∑
j=1
Λj log2 Λj , (32)
with
Λ1 =
1
2
[
(Q11 +Q44) +
√
(Q11 −Q44)2 + 4 |Q14|2
]
Λ2 =
1
2
[
(Q11 +Q44)−
√
(Q11 −Q44)2 + 4 |Q14|2
]
,
Λ3 =
1
2
[
(Q22 +Q33) +
√
(Q22 −Q33)2 + 4 |Q23|2
]
Λ4 =
1
2
[
(Q22 +Q33)−
√
(Q22 −Q33)2 + 4 |Q23|2
]
.
Also
N1 = −y log2 y − (1− y) log2(1− y) , (33)
where
y =
1 +
√
(Q11 −Q44 +Q22 −Q33)2 + 4 (|Q14|+ |Q23|)2
2
, (34)
and
N2 = −Q11 log2
(
Q11
Q11 +Q33
)
−Q22 log2
(
Q22
Q22 +Q44
)
− Q33 log2
(
Q33
Q33 +Q11
)
−Q44 log2
(
Q44
Q44 +Q22
)
. (35)
2.4 Linear entropy of qubit 1: composite reservoir
We may regard the system considered here from a different perspective: while keeping exactly the same
configuration, we may view qubit 1 as a single quantum subsystem coupled to a more complex, “composite
reservoir”, constituted by qubit 2 plus the thermal bath. In other words, we trace over the qubit 2 variables
and analyse the behaviour of the qubit 1 dynamics. The coherence properties of qubit 1 may be described
by its linear entropy, defined as S (t) = 1−Tr [ρ2q1 (t)]. The linear entropy relative to qubit 1, according
to the microscopic model, is
Sm (t) = 2P0 (t) [1− P0 (t)] ,
with P0 (t) = Q11 (t) +Q22 (t).
For the phenomenological model, the linear entropy is given by
Sp (t) = 1− [ρ11 (t) + ρ22 (t)]2 − [ρ33 (t) + ρ44 (t)]2 . (36)
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Figure 1: (Color online) Concurrence between qubits 1 and 2 as a function of time in the very strong
coupling regime for an initial two qubit state |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model;
(b) the phenomenological model. In both plots Ω = 4 × 108s−1, λ = 10Ω, γ0 = 0.01 × 5 × 1010s−1,
Γ = 5× 1010s−1, Ω0 = 2Ω and T ≈ 0K.
2.5 Numerical results: strong coupling regime
Before showing some numerical results related to dynamics of entanglement, discord and the linear
entropy, we would like to recall the discussion of the previous subsection, related to the steady state
of the two-qubit system. The striking differences between the predictions of each model become more
evident if we consider the very strong coupling regime for the qubit-qubit interaction, e.g. λ = 10Ω,
for which α+ ≈ α− ≈ 1/
√
2, i.e., the state ρ∞,m becomes a maximally entangled state. This may be
illustrated if we calculate the concurrence corresponding to the steady states; in Fig. (1a) we have a
plot of the concurrence relative to the steady state in equation (25), given by the microscopic model,
as a function of time showing how the two-qubit state evolves to a maximally entangled state. On the
other hand, as shown in Fig. (1b), the state in equation (24), given by the phenomenological model is a
stationary state having zero concurrence.
Now we take λ = Ω, i.e., strong coupling regime for the qubit-qubit interaction. In Fig.
(2a) we have the concurrence in the microscopic case, while in Fig. (2b) we show the concurrence in
the phenomenological case with initial conditions |ψ(0)〉q1,q2 = |1, 0〉 for the two qubit system and a low
temperature reservoir. We note an oscillatory pattern and a steady state value of entanglement (although
with some differences) being attained in both cases. The phenomenon of stationary entanglement between
the qubits has been already reported in the literature in similar systems [17, 22] and it is confirmed here.
We also note that for a higher temperature of the reservoir, as shown in Fig. (3), the steady state values
of entanglement decrease, as one would expect.
We would like to remark that the dynamics of quantum entanglement according to the descrip-
tions of both models may have a similar qualitative behaviour, as shown in Fig. (2); e.g., both models
predict stationary entanglement. However, the values of stationary concurrence may be significantly dif-
ferent. Thus, despite of the fact that some results arising from the phenomenological model may look as
being physically acceptable, they should not be regarded as being correct. Entanglement has been shown
to be a valuable resource for performing quantum information tasks. In reference [23], for instance, it is
presented a protocol of teleportation of quantum entanglement, for which a “critical value of minimum
entanglement” is required. Thus, it would be interesting to know the amount of entanglement available
at a given temperature of the reservoir. We note that entanglement is underestimated according to the
phenomenological model, compared to the microscopic approach; e.g., at T = 1.5× 10−2 K [see Fig. (3)],
the phenomenological model predicts a stationary value for the concurrence 51% smaller than the micro-
scopic model. For lower temperatures, T = 5 × 10−4 K [see Fig. (2)], the relative difference is smaller,
around 33%. Thus, according to the more realistic microscopic model, a fixed amount of entanglement
(e.g., needed for a specific task), could be reached at a higher temperature.
Discrepancies are also observed in the dynamics of the quantum discord, as seen in Fig. (4).
The discord reaches stationary values which are not the same according to each model. However, this
may be qualitatively different from what we have found for the concurrence. We have that for lower
temperatures [see Fig. (4)], the steady state value of the discord is larger in the microscopic model,
9
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Figure 2: (Color online) Concurrence between qubits 1 and 2 as a function of time in the strong coupling
regime for an initial two qubit state |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model; (b) the
phenomenological model. In both plots Ω = 4×109s−1, λ = Ω, γ0 = 0.001×5×1010s−1, Γ = 5×1010s−1,
Ω0 = 2Ω and T = 5× 10−4K.
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Figure 3: (Color online) Concurrence between qubits 1 and 2 as a function of time in the strong coupling
regime for an initial two qubit state |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model; (b) the
phenomenological model. In both plots Ω = 4×109s−1, λ = Ω, γ0 = 0.001×5×1010s−1, Γ = 5×1010s−1,
Ω0 = 2Ω and T = 1.5× 10−2K.
compared to the phenomenological model, but for higher temperatures the situation is the opposite. For
instance, if T = 1.5 × 10−2 K, the discord [see Fig. (5)], differently from the concurrence [see Fig. (3)],
is actually overestimated according to the phenomenological model. Here we have relative differences of
42% (below the correct value) at T = 5× 10−4 K, and 20% (above the correct value) at T = 1.5× 10−2
K.
Furthermore, we note that the evolution of the qubit 1 linear entropy is somehow associated to
the concurrence, although it can not be used to quantify entanglement in case of a mixed global state.
As shown in Fig. (6), the linear entropy also attains steady state values according to both models. For
higher temperatures of the reservoir (more thermal photons are injected into the system), the steady
state value of the linear entropy of qubit 1 increases, which corresponds to a higher degree of mixedness
of qubit 1, as shown in Fig.(7).
3 Comparison between microscopic and phenomenological mod-
els: weak coupling regime
Now we turn our attention to the situation of very weak coupling regime, i.e. λ  Ω. In this case the
qubit-qubit interaction plays a less important role, and one would expect smaller differences between
the results obtained from the two models. However, as we are going to see below, the phenomenological
10
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Figure 4: (Color online) Quantum discord between qubits 1 and 2 as a function of time in the strong
coupling regime for an initial two qubit state |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model;
(b) the phenomenological model. In both plots Ω = 4 × 109s−1, λ = Ω, γ0 = 0.001 × 5 × 1010s−1,
Γ = 5× 1010s−1, Ω0 = 2Ω and T = 5× 10−4K.
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Figure 5: (Color online) Quantum discord between qubits 1 and 2 as a function of time in the strong
coupling regime for an initial two qubit state |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model;
(b) the phenomenological model. In both plots Ω = 4 × 109s−1, λ = Ω, γ0 = 0.001 × 5 × 1010s−1,
Γ = 5× 1010s−1, Ω0 = 2Ω and T = 1.5× 10−2K.
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Figure 6: (Color online) Linear entropy of qubit 1 as a function of time in the strong coupling regime for an
initial two qubit state |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model; (b) the phenomenological
model. In both plots Ω = 4 × 109s−1, λ = Ω, γ0 = 0.001 × 5 × 1010s−1, Γ = 5 × 1010s−1, Ω0 = 2Ω and
T = 5× 10−4K.
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Figure 7: (Color online) Linear entropy of qubit 1 as a function of time in the strong coupling regime for an
initial two qubit state |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model; (b) the phenomenological
model. In both plots Ω = 4 × 109s−1, λ = Ω, γ0 = 0.001 × 5 × 1010s−1, Γ = 5 × 1010s−1, Ω0 = 2Ω and
T = 1.5× 10−2K.
approach may lead to incorrect results in this situation as well.
3.1 Numerical results: weak coupling regime
In Fig. (8) we have plots of the concurrence; Cm in Fig. (8a) and Cp, in Fig. (8b) as a function of time
for an initial two-qubit state |Ψ(0)〉q1,q2 = |1, 0〉. We note that for the reservoir at a temperature T very
close to zero, the concurrence curves show an oscillatory pattern as well as decay in both cases. As a
matter of fact, despite the differences between the two models, the curves for T ≈ 0 K virtually coincide.
However, as the temperature of the reservoir is raised, we observe that the maxima of the concurrence
are lower in the microscopic model compared to the curves obtained in the phenomenological model. We
should point out that we have a typical pattern of entanglement sudden death in both cases, i.e., the
concurrence vanishes for finite times.
A similar behaviour is observed for the quantum discord. The curves of this quantity are very
close at T ≈ 0 K but they become more discrepant for higher temperatures, as shown in Fig. (9). However,
differently from the concurrence, the quantum discord does not present sudden death, displaying damped
oscillations, instead [24].
Regarding the linear entropy of qubit 1, though, we find that the microscopic and phenomeno-
logical models may yield contradictory time evolutions. In Fig. (10) it is shown the linear entropy as a
function of time for different temperatures of the reservoir. For a bath at T ≈ 0 K, the linear entropy
curves are virtually the same in both models: for the set of parameters chosen, they show oscillations and
tend to the maximum value of Smax = 0.5, which corresponds to a maximally mixed state. Neverthe-
less, the situation is very different if the reservoir is at finite temperature. Considering the microscopic
model [see Fig. (10a)], we notice that linear entropy increases at a faster rate if the temperature of
the reservoir is higher. This is of course an intuitive and physically acceptable result, given that by
increasing the temperature of the bath, a larger amount of noise is injected into the quantum system,
and this should have a more destructive effect on the quantum coherence of qubit 1. On the other hand,
according to the phenomenological model, the linear entropy increases at a faster rate if the temperature
of the reservoir is lower, as shown in Fig. (10b). This is in our opinion not realistic, as we would have
coherent behaviour being induced in qubit 1 by a noisier bath. We note, though, that in both cases qubit
1 is eventually driven to a maximally mixed state, i.e., its linear entropy approaches the (equilibrium)
expected asymptotic value of Smax = 0.5.
4 Conclusions
We have made a comparison between two distinct models (microscopic × phenomenological) which de-
scribe the evolution of a system of two coupled two-level systems (qubits) in interaction with a thermal
bath. We have studied the evolution of quantities such as entanglement, quantum discord and the linear
12
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Figure 8: (Color online) Concurrence between qubits 1 and 2 as a function of time in the weak coupling
regime for an initial two qubit state |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model; (b) the
phenomenological model. In both plots Ω = 5 × 106s−1, γ0 = 0.001 × 5 × 105s−1, Γ = 5 × 105s−1,
λ = 4× 104s−1, and Ω0 = 2Ω. The continuous (blue) curves correspond to a thermal bath at T = 0.005
K; the dashed (green) curves to T = 0.05 K and the dot-dashed (red) curves to T = 0.15 K. (For
interpretation of the references to color in this figure caption, the reader is referred to the web version of
this paper.)
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Figure 9: (Color online) Quantum discord between qubits 1 and 2 as a function of time in the weak
coupling regime for an initial two qubit state |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model; (b)
the phenomenological model. In both plots Ω = 5 × 106s−1, γ0 = 0.001 × 5 × 105s−1, Γ = 5 × 105s−1,
λ = 4× 104s−1, and Ω0 = 2Ω. The continuous (blue) curves correspond to a thermal bath at T = 0.005
K; the dashed (green) curves to T = 0.05 K and the dot-dashed (red) curves to T = 0.15 K. (For
interpretation of the references to color in this figure caption, the reader is referred to the web version of
this paper.)
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Figure 10: (Color online) Linear entropy of qubit 1 as a function of time for an initial two qubit state in the
weak coupling regime |Ψ〉q1,q2 = |1, 0〉 according to (a) the microscopic model; (b) the phenomenological
model. In both plots Ω = 5 × 106s−1, γ0 = 0.01 × 5 × 105s−1, Γ = 5 × 105s−1, λ = 4 × 104s−1, and
Ω0 = 2Ω. The continuous (blue) curves correspond to a thermal bath at T = 0.005 K; the dashed (green)
curves to T = 0.05 K and the dot-dashed (red) curves to T = 0.15 K. (For interpretation of the references
to color in this figure caption, the reader is referred to the web version of this paper.)
entropy relative to the two-qubit system. We concluded that the results obtained from the ad hoc (phe-
nomenological) model are in general not in accord with the ones obtained from the microscopic model,
in both the strong and weak (qubit-qubit) coupling regimes.
Firstly we have analyzed the case of strong coupling regime, for which we expect a more signif-
icant disagreement between the results from each model. We have shown analytically that according to
the phenomenological model, the two-qubit system evolves to a steady state whose corresponding density
operator is not a thermal equilibrium state, while the microscopic model gives the correct prediction.
Moreover, in the strong coupling regime (for T 6= 0 K), the qualitative behaviour of entanglement of
the system is somewhat similar in the framework of both models, but the steady state values may be
considerably different, as shown in Fig. (2). This should be relevant for the implementation of quantum
information tasks requiring a minimum amount of entanglement, as discussed in [23]. Besides, the values
of the steady states of both the quantum discord and the linear entropy of qubit 1 are also different for
each model.
Yet, by assuming a weak coupling between the qubits, one could expect the predictions from
both models to be in better agreement with each other. This is true if T = 0 K, but we have found
important differences if the reservoir is at finite temperature. Concerning the entanglement between the
two qubits, the differences are small although they are more noticeable at higher temperatures; the micro-
scopic model predicts a more destructive action of the thermal noise compared to the phenomenological
construct, as we note in Fig. (8). This may be readily understood because contrarily to what happens
T = 0 K, if the bath is at finite temperature, photons are injected from the reservoir into the system. As
a consequence, in the realm of the microscopic model, those thermal photons will be inducing transitions
between the dressed levels of the two qubit system, and we expect a more disordered evolution for higher
temperatures of the reservoir. Interestingly, the discrepancies are more evident if one focuses on the
evolution of the state purity of qubit 1 despite being weakly coupled to qubit 2. Even though the curves
of the linear entropy (state purity) are the same (according to each model), if the bath is at T = 0 K,
for higher temperatures the phenomenological and microscopic models lead to conflicting results. While
according to the microscopic model qubit 1 evolves more rapidly to a mixed state for higher temperatures
of the reservoir, the phenomenological model predicts the opposite behaviour, as seen in Fig. (10).
Thus, we have demonstrated here that oversimplified phenomenological models used to describe
the evolution of a two-qubit system asymmetrically coupled to an environment, may lead to misleading
results even in the weak (qubit-qubit) coupling regime, and therefore there is need of a more appropriate
modeling procedure. We should point out that, as microscopic master equations may be hard to construct,
perturbative methods as discussed in [25] could be very useful to treat such quantum open composite
systems.
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A Equations for the matrix elements and their solutions in the
strong coupling regime - microscopic case
From the master equation (13) we may obtain a set of coupled differential equations for the dressed state
populations of the two-qubit system. Populations:
ρ˙aa(t) = − (c¯I + c¯II) ρaa(t) + cIρbb(t) + cIIρcc(t) ,
ρ˙bb(t) = c¯Iρaa(t)− (cI + c¯II) ρbb(t) + cIIρdd(t) ,
(37)
ρ˙cc(t) = c¯IIρaa(t)− (c¯I + cII) ρcc(t) + cIρdd(t) ,
ρ˙dd(t) = c¯IIρbb(t) + c¯Iρcc(t)− (cI + cII) ρdd(t) ,
and coherences
ρ˙ab(t) =
[
i
(√
λ2 + 4Ω2 − λ
2
)
− (cI + c¯I + 2c¯II)
2
]
ρab(t) + cIIρcd(t) ,
ρ˙ac(t) =
[
i
(√
λ2 + 4Ω2 + λ
2
)
− (2c¯I + cII + c¯II)
2
]
ρac(t)− cIρbd(t) ,
ρ˙ad(t) =
[
i
√
λ2 + 4Ω2 − (cI + cII + c¯I + c¯II)
2
]
ρad(t) ,
(38)
ρ˙bc(t) =
[
iλ− (cI + cII + c¯I + c¯II)
2
]
ρbc(t) ,
ρ˙bd(t) =
[
i
(√
λ2 + 4Ω2 + λ
2
)
− (2cI + cII + c¯II)
2
]
ρbd(t)− c¯Iρac(t) ,
ρ˙cd(t) =
[
i
(√
λ2 + 4Ω2 − λ
2
)
− (cI + 2cII + c¯I)
2
]
ρcd(t) + c¯IIρab(t) .
The corresponding solutions are:
k ρaa (t) = cI cII + e
−(cI+cI)t {cI cII [ρaa (0) + ρcc (0)]− cI cII [ρbb (0) + ρdd (0)]}
+e−(cII+cII)t {cI cII [ρaa (0) + ρbb (0)]− cI cII [ρcc (0) + ρdd (0)]}
+e−(cI+cII+cI+cII)t {cI cIIρaa (0)− cI cIIρbb (0)− cI cIIρcc (0) + cI cIIρdd (0)} ,
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k ρbb (t) = cI cII + e
−(cI+cI)t {−cI cII [ρaa (0) + ρcc (0)] + cI cII [ρbb (0) + ρdd (0)]}
+e−(cII+cII)t {cI cII [ρaa (0) + ρbb (0)]− cI cII [ρcc (0) + ρdd (0)]}
(39)
+e−(cI+cII+cI+cII)t {−cI cIIρaa (0) + cI cIIρbb (0) + cI cIIρcc (0)− cI cIIρdd (0)} ,
k ρcc (t) = cI cII + e
−(cI+cI)t {cI cII [ρaa (0) + ρcc (0)]− cI cII [ρbb (0) + ρdd (0)]}
+e−(cII+cII)t {−cI cII [ρaa (0) + ρbb (0)] + cI cII [ρcc (0) + ρdd (0)]}
+e−(cI+cII+cI+cII)t {−cI cIIρaa (0) + cI cIIρbb (0) + cI cIIρcc (0)− cI cIIρdd (0)} ,
k ρdd (t) = cI cII + e
−(cI+cI)t {−cI cII [ρaa (0) + ρcc (0)] + cI cII [ρbb (0) + ρdd (0)]}
+e−(cII+cII)t {−cI cII [ρaa (0) + ρbb (0)] + cI cII [ρcc (0) + ρdd (0)]}
+e−(cI+cII+cI+cII)t {cI cIIρaa (0)− cI cIIρbb (0)− cI cIIρcc (0) + cI cIIρdd (0)} ,
where k = (cI + cI) (cII + cII) and the coefficients ci are defined in (13).
And the coherences are:
ρab (t) =
e
[
i
(√
λ2+4Ω2−λ
2
)
−
(
cI+cI
2
)]
t
cII + cII
{[
cII + e
−(cII+cII)t cII
]
ρab (0) +
[
1− e−(cII+cII)t
]
cII ρcd (0)
}
,
ρac (t) =
e
[
i
(√
λ2+4Ω2+λ
2
)
−
(
cII+cII
2
)]
t
cI + cI
{[
cI + e
−(cI+cI)t cI
]
ρac (0)−
[
1− e−(cI+cI)t
]
cI ρbd (0)
}
,
ρad (t) = e
−
(
cI+cII+cI+cII
2 −i
√
λ2+4Ω2
)
t
ρad (0) ,
ρbc (t) = e
−
(
cI+cII+cI+cII
2 −iλ
)
t
ρbc (0) ,
ρbd (t) =
e
[
i
(√
λ2+4Ω2+λ
2
)
−
(
cII+cII
2
)]
t
cI + cI
{
−
[
1− e−(cI+cI)t
]
cI ρac (0) +
[
cI + e
−(cI+cI)tcI
]
ρbd (0)
}
,
ρcd (t) =
e
[
i
(√
λ2+4Ω2−λ
2
)
−
(
cI+cI
2
)]
t
cII + cII
{[
1− e−(cII+cII)t
]
cII ρab (0) +
[
cII + e
−(cII+cII)tcII
]
ρcd (0)
}
.
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B Equations for the matrix elements in the strong coupling
regime - phenomenological case
Set of coupled differential equations for the matrix elements of the two-qubit system in the strong coupling
regime obtained from the phenomenological master equation. Populations:
ρ˙11 (t) = −γρ11 (t) + γρ22 (t) + iλ
2
ρ14 (t)− iλ
2
ρ41 (t)
ρ˙22 (t) = γρ11 (t)− γρ22 (t) + iλ
2
ρ23 (t)− iλ
2
ρ32 (t)
(40)
ρ˙33 (t) = −γρ33 (t) + γρ44 (t) + iλ
2
ρ32 (t)− iλ
2
ρ23 (t)
ρ˙44 (t) = γρ33 (t)− γρ44 (t) + iλ
2
ρ41 (t)− iλ
2
ρ14 (t) ,
and for the coherences,
ρ˙12 (t) =
[
iΩ− (γ + γ)
2
]
ρ12 (t) +
iλ
2
ρ13 (t)− iλ
2
ρ42 (t)
ρ˙13 (t) =
iλ
2
ρ12 (t) + (iΩ− γ) ρ13 (t) + γρ24 (t)− iλ
2
ρ43 (t)
ρ˙14 (t) =
[
2iΩ− (γ + γ)
2
]
ρ14 (t) +
iλ
2
ρ11 (t)− iλ
2
ρ44 (t)
(41)
ρ˙23 (t) =
iλ
2
ρ22 (t)− (γ + γ)
2
ρ23 (t)− iλ
2
ρ33 (t)
ρ˙24 (t) = − iλ
2
ρ34 (t) + (iΩ− γ) ρ24 (t) + γρ13 (t) + iλ
2
ρ21 (t)
ρ˙34 (t) =
[
iΩ− (γ + γ)
2
]
ρ34 (t)− iλ
2
ρ24 (t) +
iλ
2
ρ13 (t) .
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